Observations show that (i) multiple gas phases can coexist in the atmospheres of galaxies and clusters; (ii) these atmospheres may be significantly rotating in the inner parts, with typical velocities that approach or even exceed the local sound speed. The thermal instability is a natural candidate to explain the formation of cold structures via condensation of a hotter gas phase. Here we systematically study the effect of rotation on the thermal stability of stratified plane-parallel atmospheres, using both analytical arguments and numerical simulations. We find that the formation of cold structures starting from small isobaric perturbations is enhanced in the regions where the rotation of the system is dynamically important (i.e. when the rotational velocity becomes comparable to the sound speed). In particular, the threshold value of the ratio between the cooling and dynamical time t cool /t dyn below which condensations can form is increased by a factor up to ∼ 10 in the presence of significant rotation. We briefly discuss the implications of our results for galaxies and clusters.
INTRODUCTION
The properties of galactic atmospheres are now reasonably constrained, both in the circumgalactic medium of galaxies (e.g. Putman et al. 2012; Tumlinson et al. 2017) and in the hot intracluster medium of galaxy clusters (e.g. Vikhlinin et al. 2006; Sanderson et al. 2006 Sanderson et al. , 2009 . The hot gas phase presumably extends at least out to the virial radius, and has a typical temperature of ∼ 10 6 K in galaxies and of ∼ 10 7 -10 8 K in clusters.
There is robust evidence that multiple gas phases can coexist in such galactic atmospheres. Observations of metal absorption lines in the spectra of background quasars show that low ionisation species, whose abundance peaks at temperatures of ∼ 10 4 -10 5 K, may be present out to the virial radius in the circumgalactic atmospheres of external galaxies (e.g. Werk et al. 2013 Werk et al. , 2014 . The High Velocity Clouds (HVCs) around the Milky Way disc are probably the most spectacular example of a cold gas phase immersed in the hot gas of the circumgalactic medium. These kpc scale clouds are primarily detected through their HI 21cm line emission, with the typical velocity dispersion suggesting temperatures of the order of 10 4 K (e.g. Putman et al. 2012; Westmeier 2018 , and references therein). In the cool cores of galaxy clusters, filamentary structures extending tens of kpc from the centre of the potential have been directly imaged by Hα emission (e.g. Conselice et al. 2001; Fabian Contact email: sobacchi@post.bgu.ac.il † Contact email: mattia.sormani@uni-heidelberg.de McDonald et al. 2010 McDonald et al. , 2011 ) and molecular line emission (e.g. Salomé & Combes 2004; Salomé et al. 2006) . Thermal instability is a natural candidate to explain the formation of multi-phase structures in these galactic atmospheres. Recent studies have suggested that the condensation of linear perturbations in non-rotating stratified atmospheres requires that (i) the ratio of the cooling to the dynamical time t cool /t dyn is less than a threshold value; 1 (ii) the feedback heating balances the cooling on large scales in order to prevent a cooling catastrophe (e.g. McCourt et al. 2012; Sharma et al. 2012b ). However, the idea that this simple criterion regulates the thermal stability of hot galactic atmospheres may be an oversimplification (see e.g. Werner et al. 2019 , and references therein).
Independent lines of research suggest that galactic atmospheres are significantly rotating. For example, Hodges-Kluck et al. (2016) measured the Doppler shifts of the OVII absorption line towards an ensemble of background quasars, and concluded that 1 McCourt et al. (2012) found a somewhat more stringent criterion, t cool /t dyn 1, than Sharma et al. (2012b) , who found t cool /t dyn 10. Previous claims attributed the difference to the different geometry (plane parallel vs spherical), but Choudhury & Sharma (2016) has shown that the difference is due to the fact that McCourt et al. (2012) looked at the condensation at the location of min(t cool /t ff ), while Sharma et al. (2012b) considered condensations anywhere in the box, which happens further inside the location of the initial min(t cool /t ff ). . Sketch (not to scale) of the local reference frame xyz used in this paper (the z axis is perpendicular to the xy plane, along the −φ direction of the global cylindrical coordinates). The isobaric surfaces of the rotating atmosphere are shown with the black solid lines in the global RZ reference frame. The equatorial plane is directed along the R axis, while the angular velocity, Ω, is directed along the Z axis. The y axis of the local frame is directed along the effective gravity g eff , which is perpendicular to the local isobaric surface and forms an angle θ with the R axis.
the circumgalactic medium of the Milky Way rotates with velocities of the order of ∼ 180 km s −1 . Note that since these measurements are only sensitive to the gas relatively close to the Galactic disc, this only implies that rotation is important out to radii of few tens of kpc, beyond which the Galactic corona is not expected to rotate significantly. Cosmological simulations also suggest that galactic coronae must rotate in the inner parts (e.g. Oppenheimer 2018). In particular, this study suggested that galactic coronae may become rotationally instead of pressure supported at distances few tens of kpc from the galaxy. Thus both observations and theory suggest that galactic coronae rotate significantly in the inner parts, although the rotation is probably important only at radii than the virial radius.
The rotation of the intracluster medium is usually considered to be negligible. However, recent ALMA observations of a sample of 15 clusters showed that in 2 cases (Abell 262 and Hydra-A) the molecular gas has settled into a rotating disc (Olivares et al. 2019; Russell et al. 2019) . Also note that in some clusters the rotation pattern may be hidden because the system is viewed face on, as suggested in the case of Abell 1835 by McNamara et al. (2014) . It has also been suggested that a significant fraction (∼ 25%) of clusters may rotate coherently on Mpc scales with typical velocities of a few hundreds of km s −1 (Manolopoulou & Plionis 2017 ; see also Bianconi et al. 2013) . Finally, the presence of cool core cold fronts, i.e. concentric or spiral density and temperature discontinuities in otherwise relaxed clusters (see e.g. Markevitch & Vikhlinin 2007) , may be associated with tangential flows with velocities of the order of the local sound speed (Keshet et al. 2010) . Hence, it is interesting to consider the possible impact of rotation on the condensation of cold gas also in the context of the intracluster medium.
The thermal stability of rotating galactic atmospheres has been scarcely considered in the literature. The most systematic studies are probably the ones by Nipoti (2010) ; Nipoti & Posti (2014) and Nipoti et al. (2015) , who studied the thermal stability of galactic coronae in the linear regime and found that the presence of rotation changes the dispersion relation in a non trivial way (namely, a new unstable mode appears). However, these analysis were limited to the linear regime, which is known to have serious limitations in the study of multiphase gas (McCourt et al. 2012) .
Since it is difficult to draw robust conclusions on the saturation of the instability based just on a linear analysis, we were motivated to carry out a study that clarifies the impact of rotation on the thermal stability of stratified galactic atmospheres. We study the evolution of a simplified plane-parallel stratified atmosphere in the presence of cooling and heating using both analytical arguments and numerical simulations. We include in the equations of motions the presence of rotation (Ω = 0), but we neglect the effects of differential rotation (∇Ω = 0). Our setup constitutes a generalisation of the one of McCourt et al. (2012) , to which we have added the presence of rotation. This simplified problem is meant to represent the local conditions of either the intracluster or circumgalactic medium. Our local analysis is complemented by a companion study (Sormani & Sobacchi 2019 , hereafter Paper II) in which we perform global simulations of the Galactic corona and examine whether the effects of rotation on the thermal instability can lead to condensations resembling HVCs.
The paper is organised as follows. In Section 2 we describe our model. In Section 3 we study the linear stability of our model. In Section 4 we use numerical simulations to study the development of the thermal instability in the non-linear regime. In Section 5 we briefly describe how our model can be used to interpret the formation of cold structures in the hot atmospheres of galaxies. We sum up in Section 6.
PHYSICAL MODEL
We are interested in the effects of rotation on the thermal stability of a rotating, stratified atmosphere in nearly equilibrium. This may be either the hot intracluster medium or the circumgalactic medium of an individual galaxy. We use a simplified problem of a stratified, plane parallel atmosphere, which is governed by the equations of fluid dynamics:
where ρ is the mass density, v = (v x , v y , v z ) is the velocity in the rotating frame, P is the pressure and σ = log (P/ρ γ ) is the entropy. The term −2Ω Ω Ω × v on the right hand side of Eq. (2) is a Coriolis term and represents the effect of rotation, where Ω Ω Ω = Ω − cos θe x + sin θe y is the angular velocity of the rotating frame. In our problem Ω and θ are constants so our setup neglects the effect of shear. The last term on the right hand side of Eq. (2) represents an external effective gravity term where g eff = −g eff (y)e y and g eff > 0. Fig. 1 schematically sketches the underlying physical picture: our simplified problem is meant to represent a local frame in a steady, stratified atmosphere rotating with a purely azimuthal velocity. The local frame is oriented such that the effective gravity g eff = −∇Φ + Ω 2 R, which includes the centrifugal terms, is directed along the negative y axis. Note that |g eff | decreases as the system becomes more rotationally supported. Also note that the condition that the atmosphere is in equilibrium implies that g eff = ∇P/ρ. Equation (3) is the energy equation. The terms on the right hand side account for the presence of heating and cooling respectively. Throughout this paper we assume that (i) the cooling function depends on the state of the gas, namely L = L (ρ, T ); (ii) the heating function depends only on the position, namely H = H (x); (iii) when the system is in equilibrium, the cooling is exactly balanced by the heating. Though highly idealised, this choice allows one to isolate the local effect of the thermal instability, preventing the catastrophic collapse of the atmosphere that is occurring in the absence of any form of feedback. In this paper we adopt an adiabatic index γ = 5/3, the value for monoatomic ideal gases, and an ideal equation of state P = ρ/µm p kT , where T is the temperature, k is the Boltzmann constant, µ is the mean molecular weight, and m p is the proton mass.
Note that the set of Eqs. (1)- (3) is identical to the one studied by McCourt et al. (2012) except for the addition of the Coriolis term, which accounts for the presence of rotation.
Equilibrium solution
The system of Eqs. (1)- (3) has stationary solutions (∂/∂t = 0) in which the velocity vanishes everywhere (v = 0). It is straightforward to check that under these assumptions Eq. (1) is automatically satisfied, and that Eq. (3) can be satisfied with an appropriate choice of the heating function. The only non-vanishing component of Eq. (2) is the one along y, which gives
We consider the isothermal solution of Eq. (4) such that P = c 2 s ρ, where c s is the isothermal sound speed. This immediately gives
where
is a natural length scale for the system. Note that H depends on y unless g eff is assumed to be constant.
Heating and cooling functions
Following McCourt et al. (2012), we adopt a simple parametrisation for the cooling function, namely
which is appropriate for an optically thin plasma in which the cooling is dominated by thermal bremsstrahlung. The constant Λ 0 has units of erg cm −3 s −1 . Once the equilibrium density and temperature are specified, the heating function is determined by the re-
, which prevents the catastrophic collapse of the atmosphere.
Important time scales
The length scale H is associated to the natural dynamical time scale
The dynamical time becomes large in the limit g eff → 0, which may happen in systems with substantial rotational support. Note that the dynamical time may be also expressed as t dyn = 2H/g eff , where H = c 2 s /g eff , which for a non-rotating system coincides with the usually adopted definition of free-fall time. We prefer our alternative definition because it is based only on local quantities, and it is therefore easier to generalise to the rotating, non spherically symmetric atmospheres that we consider in Paper II.
A second important time scale,
is associated with the angular velocity of the system. As we will see in Section 3, these time scales are respectively associated with the buoyant and epicyclic oscillations of a blob of gas around equilibrium. The system is essentially pressure supported in the regime t dyn /t rot 1, while it becomes rotationally supported in the regime t dyn /t rot 1. Finally, the thermal time scale is given by the ratio of the internal energy density to the cooling function, which gives
As we will see in Section 3, the cooling time scale regulates the growth rate of the thermally unstable modes. 2 Note that t cool depends on y in a stratified atmosphere.
LINEAR STABILITY ANALYSIS
We linearise Eqs. (1)- (3) with Eulerian perturbations of the form F + δF exp ik x x + ik y y + ik z z − iωt , where F is the equilibrium value and |δF| |F|. We work in the WKB limit kH 1, namely we assume the wavelength of the perturbation to be much shorter than the typical scale of the system. We use the Boussinesq approximation, which consists in (i) neglecting ωδρ/ρ with respect to kδv in the linearised continuity equation; (ii) neglecting δP/P with respect to δρ/ρ in the linearised energy equation. This approximation allows one to study modes that are much slower than sound waves; we refer the reader to Balbus & Potter (2016) for a more detailed discussion.
In the approximation described above, the linearised continuity equation (1) is
The linearised Euler's equation (2) is
In the Boussinesq approximation, the perturbation of the cooling function (7) is δL/L = 3/2 × δρ/ρ. Hence, the linearised energy equation (3) gives
In order to get the dispersion relation, it is useful to take the cross product of Eq. (12) with k. Using Eq. (11) to eliminate k · δv, we find
Taking again the cross product of Eq. (14) with k and then using Eq. (14) to express k × δv, we find
Taking the dot product of Eq. (15) with ∇σ and using Eq. (13), we finally find the following dispersion relation:
where we have defined
The dispersion relation (16) is formally identical to the one derived by Nipoti (2010) , which reassures us that our idealised local setup is able to capture the essential physical ingredients of the full problem. Note that |ω BV t dyn | and |ω rot t rot | depend on the direction of k, while |ω th t cool | does not.
Some comments on the dispersion relation
In the relevant case ω th < 0, 3 the dispersion relation (16) has always one or more solutions such that Im (ω) > 0. Thus, being the system always formally unstable, the important question is whether the instability actually leads to the condensation of overdense clumps or not. Though the investigation of the instability in the non-linear regime clearly requires numerical simulations, studying the proper modes gives some insights on what is likely to happen. A point that draws attention onto the importance of the nonlinear effects is the following. If the atmosphere is isentropic (instead of isothermal as in our setup), the Brunt-Väisälä frequency ω BV vanishes and the dispersion relation for a non-rotating corona is identical to the classical one of Field (1965) for an infinite homogeneous gas. Thus, according to the linear analysis, an isentropic atmosphere should be very unstable and lead to condensations. However, it turns out that this is not the case: gravity is still able to suppress the instability, which saturates in a manner similar to the isothermal case (McCourt et al. 2012; Choudhury et al. 2019) . While this highlights the limitations of the linear analysis, the results of the linear theory nevertheless constitute a useful guide to interpret the numerical simulations that we present in Section 4.
The dispersion relation becomes more transparent in two limiting cases, namely (i) a fast cooling regime, which occurs when t cool t dyn ; (ii) a slow cooling regime, which occurs when t cool t dyn . Note that the effective gravity g eff is smaller in rotationally supported systems compared to purely pressure supported ones for the same value of g (and therefore for the same value of t cool /t ff , where t ff is calculated using g and not g eff in Eq. 8). Since the quantity that enters the dispersion relation is g eff , not g, this means that regions of stratified galactic atmospheres where the rotation is dynamically important fall more easily in the fast cooling regime. What matters is not the external gravity, but the external gravity diminished by the local centrifugal acceleration felt by rotating fluid elements. Hence condensation is more likely to happen in a rotating system even without the effect that we discovered in this paper, namely that the production of condensation is enhanced even when g eff is kept fixed due to the presence of the Coriolis term in the equation of motion (see Fig. 4 ).
Fast cooling regime t cool t dyn
Since in this case the Brunt-Väisälä frequency is necessarily small (ω BV |ω th |), we look for a solution of the dispersion relation of the form ω = ∑ 
The first corrections to the leading terms are of the order of ω 2 BV /ω 2 th 1. Also note that here we have used only the fact that ω BV |ω th |. Hence, Eqs. (20) and (21) are valid both when the rotation is fast (t rot t cool ) or slow (t rot t cool ) with respect to the cooling time.
Since ω th < 0, the mode (20) corresponds to a thermally unstable condensation. Apart from a small correction due to buoyancy, the dispersion relation is analogous to the classical result of Field (1965) for the case of a homogeneous, isotropic medium. Physically, one can argue that in the limit t cool t dyn the thermal condensation of an overdense clump occurs before gravity significantly displaces the clump from its initial position. Hence, in the fast cooling regime condensations are always expected to form due to the presence of this mode.
The mode described by Eq. (21) instead essentially describes an epicyclic oscillation. The oscillation is overstable (i.e., its amplitude slowly grows over the course of many oscillations, but not monotonically) due to the effect of cooling. Overstable perturbations typically do not have enough time to cool before being disrupted by other processes, such as for example the KelvinHelmholtz instability (e.g. Joung et al. 2012 ).
Slow cooling regime t cool t dyn
In the slow cooling regime the situation becomes more intricate. Here we present some analytic arguments suggesting that thermal condensation may develop in this regime only if rotation is dynamically important.
If the thermal frequency is small with respect to the BruntVäisälä frequency (|ω th | ω BV ), which is always the case unless k is almost parallel to direction of the local gravity field, we may look for a solution of the dispersion relation of the form ω = ∑ ∞ i=0 a i ω i th . The first terms in the expansion are
and
Eq. (22) describes a purely unstable mode, which may lead to the condensation of dense clumps. Interestingly, the growth rate of the instability vanishes if Ω = 0. The fact that an unstable mode appears as the result of rotation was already noticed by Nipoti (2010) . The growth rate of the instability approaches the classical Field (1965) result in the limit ω rot ω BV . This suggests that condensation may occur even in the case |ω th | ω BV if the effect of rotation is dynamically important, which gives a strong motivation to study the thermal instability of rotating atmospheres in the nonlinear regime. The physical reason why this new mode appears in the presence of rotation is that when the buoyancy is slow with respect to rotation (but not with respect to cooling), an overdense clump may condense without undergoing a buoyant oscillation if the excess gravity is balanced by the Coriolis force (see appendix of Paper II for a more detailed discussion).
The mode (23) essentially describes a buoyant oscillation, which turns out to be overstable due to the effect of cooling, similarly to the non-rotating case (Malagoli et al. 1987; Binney et al. 2009 ). As discussed in Sect. 3.1.1, it seems unlikely that such an overstability can result in a genuine thermal condensation, because an overdense clump sinks, mixes with the surrounding gas and is disrupted by other processes such as the Kelvin-Helmholtz instability before having time to cool significantly.
If instead k is nearly parallel to direction of the local gravity field, we have ω BV |ω th |, and thus we recover the modes (20)-(21). Indeed, setting k 2 ∼ k 2 y one finds ω BV ∼ 0. 4 Thus according to the linear analysis the system is formally unstable. However, it has been argued that this does not lead to condensations because of non-linear effects that set in before condensations can occur (Malagoli et al. 1987; Binney et al. 2009 ): as soon as a blob is slightly denser than its surroundings (but still not dense enough to be called a proper condensation), it will start sinking, thus 'changing' the direction of k which cannot remain parallel to g eff for a time sufficiently long to lead to a condensation (as discussed above, modes in which k is not parallel to g eff are not unstable). This behaviour has been confirmed by numerical simulations (e.g. McCourt et al. 2012 ). In Section 4 we argue that this conclusion may be relaxed if the rotation of the system becomes dynamically important because sinking of an overdense blob is prevented by the conservation of angular momentum.
NUMERICAL EXPERIMENTS

Simulation setup
We study the non-linear development of the instability using the publicly available hydrodynamic code PLUTO 
Hence, g eff is approximately constant for y y 0 , while it smoothly decreases to 0 when y → y 0 . We work in units g 0 = c s = ρ 0 = T 0 = 1. We set y 0 = 0.1, and we turn the cooling off when y < y 0 . We furthermore set a temperature floor T floor = 1/20. We have checked that our conclusions are unaffected by the choice of T floor and y 0 , provided that y 0 1 and T floor 1. We run a set of 2.5D simulations, i.e. the simulations are on a two-dimensional (x, y) grid but we allow the velocity to have three components (v x , v y , v z ), which is equivalent to assume that the system is translationally invariant along the z direction. The system evolves according to Eqs. (1)-(3). Our simulation domain is x × y = [0, 3] × [0, 3], and we use a uniformly spaced Cartesian grid with 300 × 300 points. We use periodic boundary conditions in the x direction, and reflective boundary conditions in the y direction. As initial conditions we take the equilibrium state described in Section 2, on which we add some random noise by applying density perturbations seeded with a flat spectrum in the range 2π/3 < k < 40π/3. The perturbations have Gaussian random amplitudes with an rms value of 10 −2 and are isobaric, so that P(y) is the same as in the unperturbed equilibrium state. Also the velocity is v = 0 initially, as in the unperturbed equilibrium state. We use the following parameters: RK2 time-stepping, no dimensional splitting, ROE Riemann solver and the MC flux limiter.
We explore all the possible combinations of the following parameters: t cool /t dyn = {1, 2, 3, 5, 10}, t dyn /t rot = {0, 0.25, 0.5, 1.0}, θ = {0, 5, 15, 30, 45, 60, 90} • , for a total of 110 simulations. All the time scales are calculated at y = 1. We stop all our simulations at t = 10t cool .
Results
In Figure 2 we show the snapshot at t = 7t cool of our simulations for various values of t dyn /t rot and t cool /t dyn in the case θ = 15 • , i.e. for the case in which Ω Ω Ω and g eff are approximately perpendicular. This case resembles the typical conditions of a galactic atmosphere close to the equatorial plane.
The leftmost column corresponds to the non-rotating case (t dyn /t rot = 0) and reproduces the results of McCourt et al. (2012) . This shows that when the cooling time is shorter or comparable to the dynamical time (t cool /t dyn 1) the thermal instability leads to the condensation of clumps, while when the cooling time is longer than the dynamical time (t cool /t dyn > 1) condensations do not occur, in agreement with previous results (McCourt et al. 2012) .
The central and rightmost columns shows what happens when when rotation becomes dynamically important, t dyn /t rot = 0.25, 0.5. When t cool /t dyn 1 (top row), the condensation process is similar to the non-rotating case, the main difference being that mixing in the direction perpendicular to Ω Ω Ω is suppressed compared to the non-rotating case due to the conservation of angular momentum.
The most interesting panels are the ones with t cool /t dyn > 1 and t dyn /t rot = 0.25, 0.5 (the 2x2 square at the bottom-right). These show that, in contrast to the non-rotating case, condensations can still happen when t cool /t dyn > 1. This shows that condensations are enhanced in the presence of rotation even if t cool /t dyn is kept fixed, and is the main result of this paper. If on top of this effect we also add, as mentioned in Sect. 2.3, that rotation can also decrease the value of t cool /t dyn compared to a non-rotating atmosphere with the same value of g, we see that regions of galactic atmospheres with a significant rotational support fall much more easily in the regime in which condensations can form. Fig. 3 shows the dependence of the condensations on the angle θ (see Fig. 1 for the definition of θ). We see that the enhancement of the thermal instability due to rotation is maximum when θ = 0, i.e. when Ω Ω Ω and g eff are perpendicular (which in real systems is more Figure 2 . Density field ρ/ρ 0 at t = 7t cool of our simulations for different values of the ratios between the relevant timescales. From left to right: t dyn /t rot = 0, 0.25, 0.5. From top to bottom: t cool /t dyn = 1, 3, 5. The only difference between the left column and all the other panels is the presence of the Coriolis force in the latter (see term 2Ω Ω Ω × v in Eq. 2). In the non rotating case t dyn /t rot = 0 (left column) our results are consistent with those of McCourt et al. (2012) . The presence of rotation (central and right columns) enhances the formation of condensations. The direction of Ω Ω Ω is such that θ = 15 • in all panels. As discussed in Section 2.3, our definition of dynamical time coincides with the free-fall time for a non-rotating atmosphere and is its natural generalisation in the case of a rotating atmosphere.
likely to happen in proximity of the equatorial plane), while it is minimum (almost absent) when Ω Ω Ω and g eff are parallel. Fig. 4 puts this on quantitative grounds. The left panel shows how the fraction of condensed (cold) gas depends on the parameters. We see that the fraction of condensed gas drops off sharply above some threshold value of t cool /t dyn in all curves. The black line corresponds to the case studied by McCourt et al. (2012) and shows that in the absence of rotation this threshold value is at t cool /t dyn = 1. The other lines show that the fraction of condensed gas & the threshold value increase when either t dyn /t rot is increased (more rotation) or θ is decreased (Ω Ω Ω and g eff more perpendicular).
The right panel shows the dependence of the threshold value of t cool /t dyn below which condensation can form on t dyn /t rot and θ.
It shows that the presence of rotation can rise the threshold value by a factor up to ∼ 10, depending on the value of t dyn /t rot and θ. The effect of rotation is important when t dyn /t rot 0.2, i.e. when rotation is dynamically important (Ωc s /g eff 1). This regime is complementary to that studied by Gaspari et al. (2015) , who performed global simulations focusing on relatively slow rotating atmospheres.
Interpretation of the results
The fact that, in general, condensations are more likely to occur in the presence of rotation (t dyn /t rot is large) may be naively expected from the linear stability analysis of Sect. 3, because rotation Figure 3 . Density field ρ/ρ 0 at t = 7t cool of our simulations for various values of θ and t cool /t dyn (see Fig. 1 for the definition of θ) . From top to bottom: θ = 5, 15, 30, 90 • . From left tor right: t cool /t dyn = 1, 3, 5. All the simulations in this figure have t dyn /t rot = 0.5. Note that the second row coincides with the right column of Fig. 2 . The slanted structures seen in the cold gas are due to the fact that gas tends to move in the direction parallel to Ω Ω Ω due to the conservation of angular momentum.
causes the presence of a new unstable mode. However, the fact that the enhancement of condensations depends on the value of θ is unexpected and more difficult to explain, because the new unstable mode (as well as any other linear mode according to the dispersion relation of Sect. 3) does not depend on the value of θ. Thus, nonlinear effects must play a key role. One possible interpretation is as follows.
Even in the non-rotating case, the dispersion relation always admits a formally unstable solution growing with a rate ω ∼ −iω th (see Eq. 20). As discussed in the last paragraph Section 3.1.2, in the . Left: mass fraction of cold gas (defined as gas with T T 0 /3 averaged on the region 1 < y/H < 3 and at times 5 < t/t cool < 10) as a function of t cool /t dyn . The threshold value of t cool /t dyn above which the cold fraction drops off sharply depends on t dyn /t rot and θ. Right: the threshold value of t cool /t dyn (defined as cold fraction > 5 × 10 −3 ) plotted as a function of t dyn /t rot for various values of θ. Rotation enhances condensation by raising the threshold value below which condensation can form by a factor up to ∼ 10.
slow cooling regime these formally unstable modes correspond to modes such that the wave vector k is nearly aligned with the effective gravity g eff . Binney et al. (2009) suggested that these modes are unlikely to produce condensations. Their argument is based on nonlinear effects and is along the following lines. The unstable modes in which k is aligned to g eff correspond to modes in which blobs are moving horizontally in our setup (see Eq. 11). However, as soon as blobs become slightly overdense while they cool, they start sinking and therefore moving vertically (contrary to what is predicted by the linear theory), and the subsequent mixing with the rest of the gas prevents condensations. In the parlance of linear theory (even if this effect is intrinsically non linear) one may say that the sinking effectively 'changes' the k towards that of stable modes. The fact that thermal condensation does not occur when t cool /t dyn > 1 in the non-rotating case (left column of Fig. 2 ) is in agreement with this argument. We argue that the above argument is no longer valid when rotation is dynamically important. If t dyn /t rot is large, the motion in the direction perpendicular to Ω Ω Ω is strongly inhibited by the conservation of the angular momentum. 5 When θ ∼ 0 the direction in which motion is inhibited is the vertical direction in our setup. This means that an overdense blob is prevented from sinking when it becomes slightly overdense in the above argument. By preventing an overdense blob from sinking, the conservation of angular momentum also prevents it from mixing with the rest and therefore favours condensation. By contrast, when θ = 90 • sinking is not prevented, so condensation proceeds similarly to the non-rotating case. We may re-express this argument in the parlance of the linear theory (even if this effect is intrinsically non-linear) by saying that the direction of k is 'locked' onto the direction perpendicular to Ω Ω Ω, so those modes will be more prominent during the subsequent non-linear evolution of the system.
RELEVANCE FOR ASTROPHYSICAL SYSTEMS
The analysis of the last section suggests that the condensation of overdense clumps in rotating stratified atmospheres is more likely 5 Indeed, the Coriolis term in Eq. (2) has the same mathematical structure of the Lorentz force in an external magnetic field, which is well-known to have the effect of aligning structures in the direction of the magnetic field.
to occur in regions where (i) the rotation is dynamically important, and (ii) the effective gravity and the angular velocity are nearly perpendicular. In real systems, this typically happens close in the inner regions and in proximity of the equatorial plane.
As we briefly outline in the following, these results may be relevant for the interpretation of the cold structures that are often observed in the circumgalactic medium of galaxies (for example the High Velocity Clouds in the Milky Way) and in clusters (mainly cold filaments detected through their Hα emission). Of course our idealised local analysis is only meant to be suggestive, and needs to be supported by more detailed studies of the individual cases.
High Velocity Clouds in the Milky Way corona
HVC are typically found in the proximity of the Galactic disc. Most of the HVC are at distances 15 kpc, heights 10 kpc, and within 30 • from the Galactic plane as viewed from the Galactic center (see e.g. Putman et al. 2012 , and references therein). The observed low metallicities (typically in the range ∼ 0.1 − 0.3Z ; e.g. van Woerden & Wakker 2004) suggest that HVC are made of gas that is entering the Galaxy for the first time.
Thermal instability is a natural candidate to explain the formation of the HVC by condensation from the hot gas phase (e.g. Maller & Bullock 2004; Kaufmann et al. 2006; Peek et al. 2008) . This possibility was criticised by Binney et al. (2009) based on the fact that the thermal instability of cooling flows is suppressed by buoyancy and thermal conduction in non-rotating, pressure supported coronae. Sharma et al. (2012b) instead argued that HVC may form close to the virial radius of the Milky Way, according to the location of the minimum of the ratio between the cooling and the dynamical time. However, according to this picture it is unclear (i) why HVC are observed only close to the Galactic disc; (ii) how clouds formed at the virial radius manage to survive all the way down to the disc without being disrupted, for example by the Kelvin-Helmholtz instability. 6 Since the coronae of spiral galaxies are expected to rotate significantly in the inner parts (e.g. Oppenheimer 2018), our paper suggests that, by increasing the threshold value of t cool /t dyn below which condensations can form, thermal condensations resembling HVCs might appear in those regions. If the HVC indeed form close to the disc, there is less room for the Kelvin-Helmholtz instability to disrupt them. We explore this topic in much more detail in Paper II, in which we study specifically the case of the Galactic corona using the models presented in Sormani et al. (2018) .
Cold filaments in the cool cores of galaxy clusters
It has been previously suggested that cold filaments in galaxy clusters can develop only if the ratio of the cooling to the dynamical time is t cool /t dyn 10 (e.g. Sharma et al. 2012b; Gaspari et al. 2012 ). However, recent observational studies have challenged this expectation by finding that, even if the filaments are preferentially located in the clusters with the lowest t cool /t dyn , the threshold is somewhat higher (t cool /t dyn 30), and even the existence of clusters having t cool /t dyn 10 is controversial (e.g. Hogan et al. 2017; Pulido et al. 2018) . Moreover, most of the scatter in t cool /t dyn seems to be due to variations of t cool among different clusters.
Our results show that, in the cases when the intracluster medium rotates significantly (see the discussion in the Introduction), this tension might be resolved by the fact that the threshold value of t cool /t dyn below which condensations can form is increased. The right panel in Fig. 4 suggests that the required increase of a factor of 3 can be accommodated relatively easily in a significantly rotating intracluster medium. Interestingly, Olivares et al. (2019) pointed out that Abell 262, the cluster in their sample (out of a total of 15) in which the cold gas is condensing at the highest value of t cool /t dyn ∼ 30 (in all other cases they found condensations at t cool /t dyn 20), is also the one that shows the clearest signatures of a global rotation pattern in the CO velocity map together with Hydra-A. In general, it is reasonable to expect that t cool /t dyn is shorter on the equatorial plane. Thus, it might be that for some clusters t cool /t dyn 10 when averaged, but that t cool /t dyn is locally lower on the plane.
Since filaments should form preferentially on the plane perpendicular to the rotational axis, when viewed in projection on the plane of the sky one may therefore expect to see nearly isotropically distributed filaments if the angular velocity is directed along the line of sight, and more anisotropic filaments if the angular velocity is instead perpendicular to the line of sight. This scenario may be checked observationally, assuming that the equatorial plane can be identified through the position of the cold fronts.
Finally, if the density and pressure of the hot gas are set by the requirement that the gas the value of t cool /t dyn is close to the threshold value for the production of condensations (e.g. Sharma et al. 2012a; Voit et al. 2015) , this will affect the structure of a rotating atmosphere. The consequences of this requirement are yet to be explored in the context of rotating coronae.
CONCLUSIONS
We have studied the effect of rotation on the thermal stability of stratified galactic atmospheres, which include the circumgalactic medium of galaxies and the intracluster medium in galaxy clusters, using a plane parallel idealised setup. We have assumed that the (ii), it is possible that the stripped cold gas is replenished by gas cooling from a warmer phase (e.g. Gronke & Oh 2018). system is in global thermal equilibrium, namely we have assumed that some heating source is exactly balanced by the cooling on average and on large enough spatial scales. We have neglected the effects of magnetic fields and thermal conduction since these have been studied extensively by McCourt et al. (2012) and we wanted to focus on the effects of rotation. We have also neglected the effects of differential rotation. We have used both analytic arguments and numerical simulations.
The development of condensations via thermal instability is regulated by three fundamental time scales: (1) the dynamical time t dyn , which is the typical time scale of buoyant oscillations. This is defined as t dyn = √ 2c s /g eff , where c s is the sound speed and g eff = −∇Φ + Ω 2 R = ∇P/ρ is the local effective gravity; 7 (2) the rotational time scale t rot = 2π/Ω, where Ω is the angular velocity of the system; (3) the cooling time scale t cool , which is associated with the typical growth rate of the thermally unstable modes.
We have found that:
(i) Cold structures may condense from the hot medium only if t cool /t dyn is below a threshold value.
(ii) Condensation is enhanced in the presence of rotation. In general, this effect is important when Ωc s /g eff 1. The fraction of condensed gas depends on the amount of rotation (parameter t dyn /t rot ), and on the relative orientation of the rotation axis and the local effective gravity (parameter θ defined in Fig. 1 ). This is quantified in the left panel of Fig. 4 . The enhancement of the thermal instability is maximum when the rotation axis and the effective gravity vector are perpendicular (θ = 0).
(iii) The threshold value of t cool /t dyn below which condensations can form also depends on t dyn /t rot and θ. The left panel in Fig.  4 shows the dependence of the threshold on these two parameters. This is the main result of this paper. The threshold can be increased up by a factor of ∼ 10 if rotation is significant and the rotation axis and the effective gravity vector are perpendicular (θ = 0).
(iv) These results might be relevant for the formation of HVCs (see Paper II).
(v) These results might be relevant for the formation of cold filaments in the cool cores of galaxy clusters. This has consequences on the orientations of filaments that may be observationally checked.
The presence of rotation enhances the thermal instability in two ways. First, directly, by the effect discovered in this paper that condensation is enhanced in the presence of rotation even if t dyn /t cool is kept fixed. The physical interpretation of this effect is discussed in Sect. 4.3. Second, indirectly, by reducing |g eff | and thus decreasing the ratio t cool /t dyn for the same value of g (see also Section 7.1 of Voit et al. 2017) . The net result is that condensation may occur even in the moderately slow cooling regime if the effect of rotation is dynamically important. These conditions are more naturally met in the central parts and/or close to the equatorial plane of rotating atmospheres.
